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Abstract
The superconformal algebraic approach to hadronic physics is used to construct
a semiclassical effective theory for nucleons which incorporates essential nonper-
turbative dynamical features, such as the emergence of a confining scale and the
Regge resonance spectrum. Relativistic bound-state equations for nucleons follow
from the extension of superconformal quantum mechanics to the light front and
its holographic embedding in a higher dimensional gravity theory. Superconfor-
mal algebra has been used elsewhere to describe the connections between the light
mesons and baryons, but in the present context it relates the fermion positive
and negative chirality states and uniquely determines the confinement potential
of nucleons. The holographic mapping of multi-quark bound states also leads
to a light-front cluster decomposition of form factors for an arbitrary number of
constituents. The remarkable analytical structure which follows incorporates the
correct scaling behavior at high photon virtualities and also vector dominance at
low energies.
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1 Introduction
The study of the dynamics and internal structure of nucleons is an intricate prob-
lem in hadronic physics. In fact, lattice QCD calculations of the excitation spectrum
of the light hadrons, and particularly nucleons, represent a formidable task due to the
enormous computational complexity beyond the leading ground state configuration [1].
On the other hand, holographic methods provide new analytical tools for the study
of strongly correlated quantum systems, which are complementary to other nonpertur-
bative approaches to strongly coupled gauge theories [2]. The best known example is
the AdS/CFT correspondence between gravity in anti-de Sitter (AdS) five-dimensional
space and conformal field theories (CFT) in physical space-time [3], which leads to new
insights into the nonperturbative dynamics of QCD.
There is a remarkable connection of light-front quantized theories [4, 5] to gravity
theory in AdS: The Hamiltonian equations in AdS space can be precisely mapped to
the relativistic semiclassical bound-state equations in the light front [6, 7]. This con-
nection gives an exact relation between the holographic variable z of AdS space and the
invariant impact light-front variable ζ in physical space-time [6, 8]. This connection also
implies that the light-front (LF) effective potential U in the LF Hamiltonian equations,
corresponds to the modification of AdS space –described in terms of a dilaton profile
ϕ in the string frame. The light-front effective potential U acts on the valence state
and incorporates and infinite number of multiple-component higher Fock states [9]. To
compute U one must systematically express higher Fock components as functionals of
the lower ones. Its actual derivation remains an unsolved problem.
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Faced with the enormous complexity of nonperturbative QCD, other methods, which
encompass the essential features of the strong interaction dynamics, are needed to gain
further understanding into the nature of confinement physics. This complexity can be
understood from the increase of the QCD coupling in the infrared domain, which implies
that an infinite number of quark and gluons are dynamically coupled 2. Recent progress
along these lines has followed from the study of conformal quantum mechanics (QM) [11]
and its mapping to the light front, which determines the form of the LF confinement
potential U and thus the dilaton profile ϕ [12]. This procedure allows the introduction
of a scale
√
λ in the Hamiltonian while the action remains conformal invariant [11].
The supersymmetric extension of conformal QM, namely superconformal quantum
mechanics [13, 14], can also be mapped to the semiclassical LF effective theory [15,
16, 17] –a one dimensional QFT, and consequently to gravity theory in AdS. This new
approach to hadronic physics incorporates confinement, the appearance of a massless
pion in the limit of zero-mass quarks, and the Regge excitation spectrum consistent
with experimental data. Furthermore, this framework gives remarkable connections
between the light meson and nucleon spectra [16]. It also gives predictions for the
heavy-light hadron spectra, where heavy charm and bottom quark masses break the
conformal invariance, but the underlying supersymmetry holds [17] 3.
Following Ref. [15] we discuss in this article how the superconformal framework leads
to relativistic bound-state equations for nucleons from the mapping to light-front physics
and its embedding in a higher dimensional AdS space. In this case, the superconfor-
mal algebra relates the nucleon positive and negative chirality states and determines
the effective confinement potential of nucleons. In turn, this allows us to study the
holographic embedding of the semiclassical effective theory for nucleons. In fact, in con-
trast to mesons, a dilaton term in the AdS fermionic action has no dynamical effects
since it can be rotated away by a redefinition of the fermion fields [18] and a specific
Yukawa-like interaction term has to be introduced in the AdS action to break confor-
mal invariance [19], but its form is left unspecified. The superconformal approach has
thus the advantage that mesons and nucleons are treated on the same footing, and the
confinement potential is uniquely determined by the formalism –including additional
spin-dependent constant terms which are critical to describe the hadronic spectrum.
2The QCD confinement problem is of such complexity that it could be undecidable: This means that
it is not possible to know, starting from the fundamental degrees of freedom of the QCD Lagrangian,
whether the system is gapped or not [10].
3In hadronic physics supersymmetry is an emergent dynamical property from color SU(3)C since a
diquark is in the same color representation as an antiquark, namely a 3¯ ∼ 3× 3.
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For a multi-quark bound state the light front invariant impact variable ζ corresponds
to a system of an active quark plus an spectator cluster. The holographic embedding is
also characterized by a single variable ζ which is mapped to the AdS variable z [8]. For
example, for a three quark system, the three-body problem is reduced to an effective
two-body problem where two of the constituents form a diquark cluster. However, in
the present framework the diquark is not a tightly bound state. It is also important
to notice that the reduction to a single variable is also crucial in the superconformal
formulation of hadron physics where mesons and nucleons are in the same multiplet.
The light-front cluster decomposition of hadronic bound states is also important to
solve the standing problem of the twist assignment of the proton in holographic QCD [20].
Since the lowest bound-state solution to the holographic Dirac equation corresponds to
twist 2, the nucleon is described by the wave function of a quark-diquark cluster. At
high energies, however, all the constituents in the proton are resolved and therefore the
fall-off of the form factor is governed by the number of all constituents, i.e., it is twist
3. A related problem was found in the study of sequential decay chains in baryons [21],
which are sensitive to the short distance behavior of the wave function. The solution to
this problem follows from the LF cluster decomposition for bound states [22, 23, 24]. It
will be discussed below.
2 Light-front holographic embedding
As a brief review, we first examine the embedding of the semiclassical light-front
wave equations for mesons in AdS space. We study then the general structure of the
LF equations for nucleons starting from the Dirac AdS action. The actual confinement
potential is determined in the next section from the superconformal algebraic structure.
Our starting point is an effective action in AdS5 space for the spin-J tensor field
ΦN1...NJ
Seff =
∫
d4x dz
√
g eϕ(z) gN1N
′
1 · · · gNJN ′J
(
gMM
′
DMΦ
∗
N1...NJ
DM ′ΦN ′
1
...N ′
J
− µ2eff (z) Φ∗N1...NJ ΦN ′1...N ′J
)
, (1)
with coordinates xM = (xµ, z). The holographic variable is z and xµ are Minkowski
flat space-time coordinates. The metric determinant is
√
g = (R/z)5 and DM is the
covariant derivative which includes the affine connection (R is the AdS radius). The
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dilaton field ϕ breaks the maximal symmetry of AdS, and the effective AdS mass µeff
is determined by the mapping to light-front physics [7].
A hadron with momentum P and physical polarization ǫν1···νJ (P ) is represented by
Φν1···νJ (x, z) = e
iP ·x ǫν1···νJ (P ) ΦJ(z), (2)
with invariant hadron mass PµP
µ ≡ ηµνPµPν = M2. Variation of the action (1) leads
to the wave equation
[
−z
3−2J
eϕ(z)
∂z
(
eϕ(z)
z3−2J
∂z
)
+
(µR)2
z2
]
ΦJ = M
2ΦJ , (3)
where (µR)2 = (µeff (z)R)
2−Jz ϕ′(z)+J(5−J) is a constant determined by kinematical
conditions in the light front [7].
We now compare the wave equations in the dilaton-modified AdS space with LF
bound-state equations in the semiclassical approximation described in [6]. In the light
front the hadron four-momentum generator is P = (P+, P−,P⊥), P
± = P 0 ± P 3, and
the hadronic spectrum is computed from the invariant Hamiltonian P 2 = PµP
µ =
P−P+ −P2⊥:
P 2|ψ(P )〉 = M2|ψ(P )〉, (4)
where |ψ(P )〉 is expanded in multi-particle Fock states |n〉: |ψ〉 =∑n ψn|n〉.
In the limit of zero-quark masses, the bound-state dynamics of the constituents
can be separated from the longitudinal kinematics and the orbital dependence in the
transverse LF plane leading to the wave equation [6, 7]:
(
− d
2
dζ2
− 1− 4L
2
4ζ2
+ U (ζ)
)
φ(ζ) = M2φ(ζ), (5)
where the invariant transverse variable in impact space ζ2 = x(1 − x)b2⊥ is conjugate
to a two-body LF invariant mass M2qq¯ = k
2
⊥/x(1 − x). The critical value of the orbital
angular momentum L = 0 corresponds to the lowest possible stable solution [25]. Eq.
(5) is a relativistic and frame-independent LF Schro¨dinger equation: The confinement
potential U is instantaneous in LF time and comprises all interactions, including those
with higher Fock states. Upon the substitution ΦJ(z) ∼ z(d−1)/2−Je−ϕ(z)/2 φJ(z) and
z→ζ in Eq. (3), we find Eq. (5) with
U(ζ) = 1
2
ϕ′′(ζ) + 1
4
ϕ′(ζ)2 + 2J−3
2z
ϕ′(ζ),
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and (µR)2 = −(2 − J)2 + L2 [7, 26]. The effective LF confining potential U(ζ) thus
corresponds to the IR modification of AdS space.
Nucleons with arbitrary half-integer spin J = T + 1
2
are described in AdS by an
effective action for Rarita-Schwinger spinors ΨN1···NT
Seff =
1
2
∫
ddx dz
√
g gN1N
′
1 · · · gNT N ′T[
Ψ¯N1···NT
(
iΓA eMA DM − µ− ρ(z)
)
ΨN ′
1
···N ′
T
+ h.c.
]
, (6)
where curved space indices are M,N = 0, · · ·4 and tangent indices are A,B = 0, · · · , 4,
with eMA the inverse vielbein, e
M
A =
(
z
R
)
δMA . The covariant derivative DM includes the
affine connection and the spin connection. The tangent-space Dirac matrices obey the
usual anticommutation relation
{
ΓA,ΓB
}
= 2ηAB. The effective interaction ρ(z) breaks
conformal symmetry and generates a baryon spectrum [19].
A nucleon with four-momentum P and chiral spinors u±ν1···νT (P ) is represented by
Ψ±ν1···νT (x, z) = e
iP ·x u±ν1···νT (P )
(
R
z
)T−2
Ψ±T (z). (7)
Variation of the action (6) leads to a system of linear coupled equations
− d
dz
ψ− −
ν + 1
2
z
ψ− − V (z)ψ− = Mψ+,
d
dz
ψ+ −
ν + 1
2
z
ψ+ − V (z)ψ+ = Mψ−, (8)
where µR = ν + 1
2
,ψ± ≡ Ψ±T , and
V (z) =
R
z
ρ(z), (9)
a J-independent potential. Thus, independently of the specific form of the potential,
the value of the nucleon masses along a given Regge trajectory depends only on the LF
orbital angular momentum L 4, in agreement with the observed near-degeneracy in the
baryon spectrum [28].
Mapping to the light front, z → ζ , Eq. (8) is equivalent to the system of second
4This result was also found in Ref. [27].
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order equations
(
− d
2
dζ2
− 1− 4L
2
4ζ2
+ U+(ζ)
)
ψ+ = M
2ψ+, (10)(
− d
2
dζ2
− 1− 4(L+ 1)
2
4ζ2
+ U−(ζ)
)
ψ− = M
2ψ−, (11)
where
U±(ζ) = V 2(ζ)± V ′(z) + 1 + 2ν
ζ
V (ζ),
and L = ν = µR − 1
2
. The plus and minus component wave equations (10) and (11)
correspond, respectively, to LF orbital angular momentum L and L+ 1.
3 Superconformal quantum mechanics and nucleon
bound-state equations
We follow Ref. [15] to construct nucleon bound-state equations by extending the
superconformal algebraic structure of Fubini and Rabinovici [14] to the light front. Su-
perconformal quantum mechanics is a one-dimensional quantum field theory invariant
under conformal and supersymmetric transformations. Imposing conformal symmetry
leads to a unique choice of the superpotential and thus to a unique confinement potential
in the light front. In addition to the Hamiltonian H and the usual fermionic operators
Q and Q† of supersymmetric quantum mechanics [29], an additional generator S, which
is related to the generator of conformal transformations K, is introduced.
We use the representation of the operators
Q = χ
(
d
dx
+
f
x
)
, Q† = χ†
(
− d
dx
+
f
x
)
,
where f is a dimensionless constant, and S = χx, S† = χ†x. It is now simple to verify
the closure of the enlarged algebraic structure. In a Pauli matrix representation:
1
2
{Q,Q†} = H, 1
2
{S, S†} = K,
1
2
{Q, S†} = f
2
+
σ3
4
− iD, 1
2
{Q†, S} = f
2
+
σ3
4
+ iD, (12)
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where the operators
H =
1
2
(
− d
2
dx2
+
f 2 − σ3f
x2
)
,
D =
i
4
(
d
dx
x+ x
d
dx
)
,
K = 1
2
x2, (13)
satisfy the conformal algebra:
[H,D] = iH, [H,K] = 2iD, [K,D] = −iK. (14)
Following Ref. [14] we define a new fermionic operator R, a linear combination of
the generators Q and S,
R =
√
uQ+
√
wS, R† =
√
uQ† +
√
wS†, (15)
which generates a new Hamiltonian G
1
2
{R,R†} = G, (16)
where by construction
{Rλ, Rλ} = {R†λ, R†λ} = 0 and [Rλ, G] = [R†λ, G] = 0.
We find
G = uH + wK + 1
2
√
uw (2f + σ3), (17)
which is a compact operator for uw > 0. Since the new Hamiltonian G commutes with
R and R†, it follows that |φ〉 and R|φ〉 have identical eigenvalues.
We now extend the Hamiltonian G (17) to a relativistic LF Hamiltonian by per-
forming the substitutions
x→ ζ, f → L+ 1
2
, σ3 → γ5, 2G→ HLF .
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We obtain:
HLF = {R,R†}
= − d
2
dζ2
+
(
L+ 1
2
)2
ζ2
− L+
1
2
ζ2
γ5 + λ
2ζ2 + λ(2L+ 1) + λγ5, (18)
where L is the relative LF angular momentum between the active quark and the spectator
cluster and the arbitrary coefficients u and w in (17) are fixed to u = 1 and w = λ2. In
a 2× 2 block-matrix form the light-front Hamiltonian (18) can be expressed as
HLF =
(
− d2
dζ2
− 1−4L2
4ζ2
+ λ2ζ2 + 2λ(L+ 1) 0
0 − d2
dζ2
− 1−4(L+1)2
4ζ2
+ λ2ζ2 + 2λL
)
. (19)
Since HLF commutes with R, the eigenvalues for the chirality plus and minus eigenfunc-
tions are identical. Comparing (19) with (10) and (11) we obtain the effective confining
potential (9) in AdS space: It is the linear potential V = λ z.
The light-front eigenvalue equation HLF |ψ〉 =M2|ψ〉 has eigenfunctions
ψ+(ζ) ∼ ζ 12+Le−λζ2/2LLn(λζ2), (20)
ψ−(ζ) ∼ ζ 32+Le−λζ2/2LL+1n (λζ2),
and eigenvalues,
M2 = 4λ(n+ L+ 1). (21)
Both components have identical normalization [15]:
∫
dζ ψ2+(ζ) =
∫
dζ ψ2−(ζ).
The nucleon spin is thus carried by the orbital angular momentum [20].
The predictions for the resonance spectrum of the positive-parity internal spin-1
2
light
nucleons is shown in Fig. 1 (a) for the parent Regge trajectory, n = 0, and the daughter
trajectories for n = 1, n = 2, · · · . The lowest stable state, the nucleon N 1
2
+
(940),
corresponds to n = 0 and L = 0. The Roper state N 1
2
+
(1440) and the N 1
2
+
(1710)
are described as the first and second radial excited states of the nucleon. The model is
also successful in explaining the J-degeneracy for states with the same orbital angular
momentum, such as the L = 2 positive-parity doublet N 3
2
+
(1720)− N 5
2
+
(1680). Only
confirmed PDG [30] states are shown.
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Figure 1: Left: Nucleon resonance spectrum of positive parity nucleons. Right: Proton
transition form factor F p1 N→N∗(Q
2) for the radial transitionN 12
+
(940) → N 12
+
(1440). Nucleon
spectrum data from PDG [30] (left) and JLAB [34, 35, 36] (right).
4 Light-front cluster decomposition and form fac-
tors
The problem of the twist assignment of the proton in holographic QCD has been ad-
dressed in Ref. [24]. The solution to this outstanding problem is based on the LF cluster
decomposition for bound states given in Refs. [22, 23], where the factorization properties
of the deuteron were extensively analyzed. As a result of the cluster decomposition, the
deuteron wave function factorizes into two distinct nucleon wave functions convoluted
with a two-body factor fd, Fd(Q
2) = fd(Q
2)F 2N(
1
4
Q2), where Q2fd(Q
2) ≃ const at large
Q2. The nucleon form factors FN are evaluated at Q/2, since both nucleons share the
momentum transferred to the bound state by the incoming probe 5.
For simplicity we examine here spin-non-flip transition amplitudes. On the higher
dimensional gravity theory it corresponds to the coupling of an external electromagnetic
(EM) field AM(x, z) propagating in AdS with a fermionic mode ΨP (x, z), given by the
5The form factors of the deuteron where studied in the framework of AdS/QCD in Ref. [31].
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left-hand side of the equation
∫
d4x dz
√
g Ψ¯P ′(x, z) e
A
M ΓAA
M (x, z)ΨP (x, z)
∼ (2π)4δ4 (P ′− P − q) ǫµu¯(P ′)γµF1(q2)u(P ), (22)
The expression on the right-hand side represents the Dirac EM form factor in physical
space-time. It is the EM spin-conserving matrix element of the quark current Jµ =
eq q¯γ
µq with local coupling to the constituents. A precise mapping of the matrix elements
can be carried out at fixed LF time, providing an exact correspondence between the
holographic variable z and the LF impact variable ζ in ordinary space-time 6.
For an N constituent bound state the mapping expressed by Eq. (22) leads to the
analytic form [20, 32]
Fτ=N(Q
2) =
1(
1 + Q
2
M2n=0
)(
1 + Q
2
M2n=1
)
· · ·
(
1 + Q
2
M2n=τ−2
) , (23)
where the twist τ is equal to the number of constituents, i. e., τ = 3 for the proton
valence state. To compare with the data one has to shift the poles to their physical
location at −Q2 = 4λ(n+ 1
2
), with
√
λ = Mρ/2: The predicted bound-state poles of the
ρ ground state and its radial excitations [20]. Following this procedure we obtain the
cluster form for the twist-τ elastic form factor
Fτ=N(Q
2) = Fτ=2(Q
2)Fτ=2(
1
3
Q2) · · · Fτ=2( 12N−3Q2), (24)
which is the product of twist-two (pion) form factors evaluated at different scales. For
the proton elastic Dirac form factor the corresponding expression is
F p1 (Q
2) = Fpi(Q
2)Fpi(
1
3
Q2). (25)
It corresponds to the factorization of the proton form factor as a product of a point-like
quark and composite diquark form factors with the correct scaling behavior at large Q2.
A similar LF cluster decomposition for arbitrary twist can be obtained, for example,
for the radial transition n = 0 → n = 1 [24]. The Dirac transition form factor for the
6For n partons the invariant LF variable ζ is the x-weighted definition of the transverse impact
variable of the n − 1 spectator system [8]: ζ =
√
x
1−x
∣∣∑n−1
j=1 xjb⊥j
∣∣ where x = xn is the longitudinal
momentum fraction of the active quark.
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radial transition N 1
2
+
(940)→ N 1
2
+
(1440) is given by the twist-3 expression [24, 33]
F p1N→N∗(Q
2) =
2
√
2
3
Fpi→pi′(Q
2)Fpi(
1
5
Q2), (26)
which is the product of the radial transition form factor of the pion Fpi→pi′(Q
2),
Fpi→pi′(Q
2) =
1
2
Q2/M2ρ(
1 + Q
2
M2ρ
)(
1 + Q
2
M2
ρ′
) , (27)
and the pion elastic form factor. The predictions are shown in Fig. 1 7. The twist-3
transition form factor behaves as Fτ=3 ∼ 1Q4 at large momentum transfer and reproduces
quite well the data above Q2 ≥ 2 GeV2. The low energy data, however, is not well repro-
duced and possibly indicates the necessity to include higher Fock components which give
important contributions at low Q2, but vanish rapidly at large Q2. For example a τ = 5
higher Fock component |qqqq¯q〉, in addition to the τ = 3 valence |qqq〉 state, contributes
to the low energy region and vanishes as Fτ=5 ∼ 1/Q8 at higher energies. Indeed, it was
found for the pion form-factor that the inclusion of higher Fock components are required
to have a meaningful comparison with experiment [20].
5 Concluding remarks
The connection of light-front dynamics, classical gravity in AdS space and super-
conformal quantum mechanics leads to a semiclassical approximation which describes
the dynamics and internal structure of nucleons. The superconformal algebraic struc-
ture determines uniquely the effective confinement potential and connects mesons to
baryons. The emerging confinement scale
√
λ is directly related to physical observables,
such as a hadron mass, and can be related to scheme dependent perturbative scales,
such as the QCD renormalization scale Λs [38]. The light-front holographic mapping
also leads to a cluster decomposition of hadron bound states, which is particularly use-
ful for understanding the structure of transition amplitudes. The analytical structure of
the form factors incorporates the short distance scaling behavior dictated by the number
of constituents N and the transition to the nonperturbative region determined by vector
dominance. For a hadron with angular momentum L, the expression (23) is still valid
7An AdS/QCD computation including the Ap
1/2 and S
p
1/2 amplitudes is given in Ref. [37].
12
but the twist is τ = N + L. This result could be used to test supersymmetric QM
connections at the amplitude level: It implies that the higher value of the orbital angu-
lar momentum L of a partner meson, LM = LB + 1, is compensated by the additional
constituent in the baryon [16].
Extension of the results described here to the full light-hadron spectrum has been car-
ried out recently by enforcing superconformal symmetry in the holographic embedding
of the light-front bound-state equations, including internal spin and quark masses [24] 8.
Other relevant questions left open in Ref. [16], such as the nature of the spin interaction
and the correct twist assignment of the baryon wave functions, have also been addressed
in Ref. [24]. The new framework based on the superconformal algebraic structure and
its mappings to light front holographic bound-state equations, provides a set of new
analytic tools which can be particularly useful for the theoretical interpretation of the
upcoming results at the new energy scales and kinematic regions which are about to be
explored with the JLab 12 GeV Upgrade Project [40].
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